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Abstract
We obtain a Kummer-type transformation for the 2F2(x) hypergeometric function with general parameters in the
form of a sum of 2F2(−x) functions. This result is specialised to the case where one pair of parameters differs by
unity to generalize a recent result of Miller (J. Comput. Appl. Math. 157 (2003) 507).
© 2004 Elsevier B.V. All rights reserved.
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In a recent paper [2], Miller has derived a Kummer-type transformation for the 2F2(x) generalized
hypergeometric function in the form
2F2
(
a, 1+ 12a;
b, 12a;
x
)
= ex 2F2
(
b − a − 1, 2+ a − b;
b, 1+ a − b; − x
)
(1)
expressing 2F2(x) in terms of a 2F2(−x) function.This result was obtained earlier byExton [1] as a special
case of some reducible cases of the Kampé de Fériet double hypergeometric function. The formula (1)
contains only two free parameters a and b. Our aim in this note is ﬁrst to obtain a general result connecting
2F2(a, d; b, c; x), with four unrelated parameters a, b, c and d, in terms of 2F2(−x) functions. This is
then specialised to yield the Kummer-type transformation for 2F2(a, c+ 1; b, c; x), where c is arbitrary,
thereby generalizing the result in (1) which has c = 12a.
We shall assume throughout that the parameters b and c are not equal to a negative integer or zero. It is
readily seen that the correct exponential factor to extract in such a transformation is ex , since the growth
∗ Tel.: +01382-308618; fax: +01382-308627.
E-mail address: r.paris@abertay.ac.uk (R.B. Paris).
0377-0427/$ - see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2004.05.005
380 R.B. Paris / Journal of Computational and Applied Mathematics 173 (2005) 379–382
of the 2F2(x) function for large values of x is [3, Section 2.3],
2F2
(
a, d;
b, c; x
)
∼ Cxϑex (|x| → ∞)
in the sector | arg x|< 12, where the constants C = (b)(c)/{(a)(d)} and ϑ= a + d − b − c.
To derive the relation between 2F2 functions of argument±x, we start with the integral representation
[6, Eq. (4.8.3.11)]
2F2
(
a, d;
b, c; x
)
= (b)
(a)(b − a)
∫ 1
0
ta−1(1− t)b−a−1 1F1(d; c; xt) dt
= (b)
(a)(b − a)
∫ 1
0
tb−a−1(1− t)a−1 1F1(d; c; x − xt) dt (2)
provided Re(b)>Re(a)> 0.We nowmake use of the addition theorem for the conﬂuent hypergeometric
function in the form [5, Eq. (2.3.5)]
1F1(d; c; x − xt)= ex
∞∑
n=0
(c − d)n
(c)nn! (−x)
n
1F1(d; c + n;−xt),
where (a)n=(a+n)/(a) is the Pochhammer symbol. Substitution of this result into the second of the
above integrals, followed by reversal of the order of summation and integration, then yields the right-hand
side of (2) in the form
ex
(b)
(a)(b − a)
∞∑
n=0
(c − d)n
(c)nn! (−x)
n
∫ 1
0
tb−a−1(1− t)a−1 1F1(d; c + n;−xt) dt.
Then, upon use of the ﬁrst integral in (2) again, we obtain
2F2
(
a, d;
b, c; x
)
= ex
∞∑
n=0
(c − d)n
(c)nn! (−x)
n
2F2
(
b − a, d;
b, c + n; − x
)
. (3)
This result has been established for complex x under the restrictions Re(b)>Re(a)> 0, but these may
be removed by appeal to analytic continuation in a and b since both sides of (3) are analytic functions
of these parameters (provided b = 0,−1,−2, . . .). Alternatively, we could start with the Pochhammer
double-contour integral representation (cf. [5, Eq. (3.1.30)]) in place of the ﬁrst integral in (2), which is
valid without restriction on a and b, to produce (3) subject only to the conditions b, c = 0,−1,−2, . . . .
This is the desired general result. When c = d, only the term n = 0 contributes to the sum on the
right-hand side of (3) and we recover Kummer’s well-known transformation1
1F1(a; b; x)= ex 1F1(b − a; b;−x)
1We can also obtain Kummer’s transformation from (3) if we put a = b, for then the 2F2 functions inside the summation
sign reduce to unity and the resulting sum equals 1F1(c − d; c;−x).
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since both the 2F2 functions reduce to the ordinary conﬂuent hypergeometric function. If we now let
d = c + 1, only the terms corresponding to n= 0, 1 contribute to the sum in (3) and we ﬁnd
2F2
(
a, c + 1;
b, c; x
)
= ex
{
2F2
(
b − a, c + 1;
b, c; − x
)
+ x
c
1F1(b − a; b;−x)
}
.
From (6) and (7) below, the hypergeometric functions on the right can be expressed as a single 2F2
function to yield the result
2F2
(
a, c + 1;
b, c; x
)
= ex 2F2
(
b − a − 1, f + 1;
b, f ; − x
)
(4)
with
f = c(1+ a − b)
a − c .
When c = 12 a, then f = 1+ a − b and we recover the result in (1).
Whenever d = c+m, wherem is a positive integer, the sum in (3) similarly reduces to a ﬁnite number
of 2F2 functions in the form
2F2
(
a, c +m;
b, c; x
)
= ex
m∑
n=0
(
m
n
)
xn
(c)n
2F2
(
b − a, c +m;
b, c + n; − x
)
,
where the term corresponding to n = m contracts to yield a 1F1 function. However, it appears that only
when m= 1 is it possible to express the ﬁnite sum on the right as a single 2F2(−x) function as in (4).
In addition, we observe that the 2F2(x) function on the left-hand side of (4) can be expressed in terms
of two 1F1 functions in the form [4, p. 585(1)]
2F2
(
a, c + 1;
b, c; x
)
=1F1(a; b; x)+ ax
bc
1F1(a + 1; b + 1; x). (5)
Kummer’s transformation applied to each of the 1F1 functions then enables us to extract the exponential
factor ex . We remark that this result is also contained in (3). If we interchange the parameters a, b and
c, d, respectively, the 2F2(−x) functions on the right-hand side of (3) contain a numerator parameter
equal to −1 and so reduce to the linear factor 1 + {ax/c(b + n)}. The resulting sum over n can then be
evaluated as the sum of two 1F1(−x) functions which, after application of Kummer’s transformation,
yields (5).
To conclude, we establish the identity used in obtaining the result (4), namely
2F2
(
, + 1;
, ; z
)
− 2F2
(
− 1, + 1;
, ; z
)
= z

1F1(; ; z), (6)
valid for arbitrary ,  and  and complex z (provided ,  = 0,−1,−2, . . .), when the parameter  is
given by
= (− 1)
− +  . (7)
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Making use of the fact that (a + 1)r/(a)r = (a + r)/a, we can write the left-hand side of (6) as
f (z) ≡ 1

∞∑
r=0
zr
()rr! Ar, Ar = ()r (+ r)− (− 1)r
(+ r)

.
It is then easily shown, upon using the properties of the Pochhammer symbol, that
Ar = ()r−1
{
(+ r − 1)(+ r)− (− 1) (+ r)

}
= ()r−1(+ r − 1)r
when the parameter  is given by (7). If we now replace ()r in f (z) by the equivalent expression
()r−1(+ r − 1) and the summation index r by k + 1, we obtain
f (z)= z

∞∑
k=0
()kz
k
()kk! =
z

1F1(; ; z),
which establishes (6).
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